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CONFORMALLY COVARIANT BI-DIFFERENTIAL OPERATORS
FOR DIFFERENTIAL FORMS
SALEM BEN SAI¨D, JEAN-LOUIS CLERC AND KHALID KOUFANY
Abstract. The classical Rankin-Cohen brackets are bi-differential operators from
C8pRq ˆC8pRq into C8pRq. They are covariant for the (diagonal) action of SLp2,Rq
through principal series representations. We construct generalizations of these opera-
tors, replacing R by Rn, the group SLp2,Rq by the group SO0p1, n` 1q viewed as the
conformal group of Rn, and functions by differential forms.
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1. Introduction
The Rankin-Cohen brackets are the most famous examples of conformally covariant
bi-differential operators. For a presentation of these operators from our point of view
based on harmonic analysis of the group SLp2,Rq, we refer the reader to the introduction
of [2]. In [15] Ovsienko and Redou introduced their analogs for conformal analysis on
Rn.
A new construction of these covariant bi-differential operators was proposed by Beck-
mann and the second present author in [1], where (although implicitly) the source oper-
ator method was introduced. In our situation, the source operator is a differential oper-
ator on RnˆRn, covariant for the diagonal action of the conformal group SO0p1, n` 1q.
The covariant bi-differential operators are obtained by composing the source operator
with the restriction map from RnˆRn to the diagonal. This technique has shown to be
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very efficient to produce new examples of covariant differential operators in many differ-
ent contexts. In [2], we constructed covariant bi-differential operators in the context of
simple real Jordan algebras. The article [3] contains an alternative construction of the
covariant differential operators introduced by Juhl [9] in the context of the restriction
of Rn to Rn´1. In the same geometric context, Fischmann, Ørsted and Somberg [5] re-
cently obtained a new construction of the covariant differential operators for differential
forms, previously obtained by Kobayashi, Kubo and Pevzner in [14] and by Fischmann,
Juhl and Somberg in [6]. Finally, it is worthwhile mentioning that a more general no-
tion of symmetry breaking operators (not necessarily differential) has been studied by
Kobayashi and his collaborators (see, e.g., [11], [12], [13]).
In the present paper, we construct bi-differential operators acting on spaces of dif-
ferential forms which are covariant for the conformal group of Rn; more precisely for
the group G “ SO0p1, n` 1q. To build these bi-differential operators, we use again the
source operator method. The source operators are constructed as a composition of the
multiplication operator by the function }x´y}2 (using its transformation rule under the
action of the conformal group) and classical Knapp-Stein intertwining operators. These
intertwining operators on differential forms were studied recently in [4, 5] and some of
their results are used (and sometimes reproved) in the present article.
The construction relies ultimately on two main identities stated in Theorem 3.2 and
Theorem 3.3 (see also Theorem 3.4), the second one being the Euclidean Fourier trans-
form of the first one. As they involve purely Euclidean harmonic analysis they are
presented in Section 3, independently of the conformal context. In Section 4 we give
some background on the conformal group of Rn needed to describe the noncompact
model for the principal series representations of SO0p1, n` 1q in Section 5. The confor-
mal properties of the source operator are given in Section 6, where harmonic analysis
of the group SO0p1, n` 1q plays a crucial role.
The corresponding covariant bi-differential operators are constructed in Section 7.
The lack of a manageable decomposition of the tensor product σk b σ`, 0 ď k, ` ď n,
where σk denotes the representation of SOpnq on the spacecomplex-valued Λk of complex-
valued alternating k-forms on Rn, prevents us from giving explicit formulas for the
corresponding bi-differential operators, but this can be done at least for the Cartan
factor Λk`` with 0 ď k ` ` ď n, appearing in Λk b Λ`, (see (7.1)).
2. Background on differential forms
Let x¨, ¨y be the standard Euclidean scalar product in Rn and } ¨ } the corresponding
norm. Let pe1, e2, . . . , enq be the standard orthonormal basis of Rn and let pe1˚ , e2˚ , . . . , en˚q
be its dual basis.
For 0 ď k ď n, we denote by Λk “ ΛkpRn˚q b C the vector space of complex-valued
alternating multilinear k-forms on Rn. A basis of the space Λk is given by
te˚I :“ e˚i1 ^ ¨ ¨ ¨ ^ e˚ik : 1 ď i1 ă ¨ ¨ ¨ ă ik ď nu.
If ω P Λk and η P Λ`, then ω ^ η P Λk``. Furthermore,
ω ^ η “ p´1qk` η ^ ω. (2.1)
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The exterior algebra Λ :“ À8k“0 Λk “ Ànk“0 Λk is an associative algebra, graded with
respect to the degree k.
The interior product of a k-form ω with a vector x P Rn is the pk ´ 1q-form defined
by
ιxωpx1, . . . , xk´1q “ ωpx, x1, . . . , xk´1q.
Moreover,
ιejpe˚i1 ^ ¨ ¨ ¨ ^ e˚ikq “
#
0 if j ­“ any ir
p´1qr´1ei˚1 ^ ¨ ¨ ¨ ^xei˚r ^ ¨ ¨ ¨ ^ ei˚k if j “ ir, (2.2)
where the “cap” over ei˚r means that it is deleted from the exterior product. One may
check that
ιxιy ` ιyιx “ 0. (2.3)
Given x P Rn, the exterior product of a k-form ω with the linear form x˚ is the
pk ` 1q-form defined by
εxω “ x˚ ^ ω.
From the associativity of the wedge product and (2.1), it follows
εxεy ` εyεx “ 0. (2.4)
There is the following useful anticommutation relation
εxιy ` ιyεx “ xx, yy IdΛ, x, y P Rn. (2.5)
This is a fairly straightforward consequence of (2.2). Further, by (2.5), (2.4) and (2.3)
we have
εxιyεx “ xx, yyεx, ιyεxιy “ xx, yyιy.
We denote by ιj the interior product with the basis vector ej and by εj the exterior
products with ej˚ . The following lemma is needed for later use.
Lemma 2.1. On Λk we have
nÿ
j“1
εjιj “ k IdΛ,
nÿ
j“1
ιjεj “ pn´ kq IdΛ .
Proof. Let I “ ti1, . . . , iku Ă t1, 2, . . . , nu. In view of (2.2) and the fact that ej˚ ^ ej˚ “ 0
for every j, clearly we have´ÿ
jPI
εjιj
¯
e˚I “ ke˚I ,
´ÿ
jPI
ιjεj
¯
e˚I “ 0.
Similarly, ´ÿ
jRI
εjιj
¯
e˚I “ 0,
´ÿ
jRI
ιjεj
¯
e˚I “ pn´ kqe˚I .
The lemma is now a matter of putting pieces together. 
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From now on, we will identify the dual of Rn with Rn. For 0 ď k ď n, let
EkpRnq “ C8 `Rn,Λk˘ » C8pRnq b ΛkpRnq
be the space of smooth complex-valued differential forms of degree k on Rn. An element
of EkpRnq can be uniquely represented as
ωpxq “
ÿ
1ďi1ă¨¨¨ăikďn
ωi1,¨¨¨ ,ikpxqei1,¨¨¨ ,ik , (2.6)
where the coefficients ωI are complex-valued smooth functions on Rn. In particular,
E0pRnq “ C8pRnq. The direct sum
EpRnq :“
nà
k“0
EkpRnq
is the linear space of all smooth differential forms.
From the properties of the interior product ιx and the exterior product εx on Λ
k
which we discussed above, one gets analogue properties on EkpRnq.
We now define the exterior differential d : EkpRnq ÝÑ Ek`1pRnq by
d “
nÿ
m“1
εmBm,
and the co-differential δ : Ek`1pRnq ÝÑ EkpRnq by
δ “ ´
nÿ
m“1
ιmBm,
where Bm is the directional derivative in the direction of the basis vector em. We set
δ “ 0 on E0pRnq “ C8pRnq. In the light of (2.3), (2.4) and (2.5), direct computations
show d ˝ d “ δ ˝ δ “ 0 and
dιj ` ιjd “ Bj, δεj ` εjδ “ ´Bj, 0 ď j ď n. (2.7)
We close this section by introducing the Hodge Laplacian on differential forms, defined
by
∆ :“ ´pdδ ` δdq “
nÿ
m“1
B2m. (2.8)
Henceforth we will denote the Hodge Laplacian by Q
` B
Bx
˘
where
Qpxq :“ x21 ` ¨ ¨ ¨ ` x2n. (2.9)
3. The main identities for Riesz distributions on differential forms
For s a complex parameter, consider for ϕ P SpRnq the formula@Rs, ϕD “ pi´n2 2´n´s Γ `´ s2˘
Γ
`
n`s
2
˘ ż
Rn
ϕpxq}x}sdx. (3.1)
For ´n ă Re s ă 0, this formula defines a tempered distribution depending holomorphi-
cally on s. The normalization factor is chosen for convenience, as we shall see below (see
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(3.2)). By standard argument (see [7]) it can be analytically continued to C, yielding a
meromorphic family of tempered distributions, called the Riesz distributions.
We follow the following convention for the Fourier transform on Schwartz functions
ϕ P SpRnq:
Fpϕqpξq “
ż
Rn
ϕpxqeixx,ξydx,
which extends to the space of tempered distributions S 1pRnq. It is known (see [7] or [16, p.
38]) that the image of Rs by the Fourier transform is
FpRsqpξq “ }ξ}´n´s. (3.2)
The classical Riesz distributions offer a good motivation for defining Riesz distribu-
tions for differential forms on Rn with coefficients in the Schwartz space SpRnq.
For 0 ď k ď n, let SEkpRnq (resp. S 1EkpRnq) be the space of differential k-forms
represented as in (2.6) with coefficients ωi1,...,ik in SpRnq (resp. S 1pRnq ). We pin down
that we may extend the Fourier transform F on the space SEkpRnq by acting on the
coefficients ωi1,...,ik of the form (2.6).
For 0 ď k ď n and a complex parameter s, let Rks be the Riesz distribution on
differential forms defined by
xRks , ωy “ pi´n2 2´s´n`1
Γ
`´ s
2
` 1˘
Γ
`
s`n
2
˘ ż
Rn
}x}s´2pιxεx ´ εxιxqωpxqdx, (3.3)
with ω P SEkpRnq. For ´n ă Re s ă 0, this formula defines a tempered distribution
depending holomorphically on s. By [4, §3.2], Rks can be analytically continued to C,
giving a meromorphic family of tempered distributions. When k “ 0, the identity
ιxεx ` εxιx “ }x}2 IdE implies immediately that R0s is nothing but the classical Riesz
distribution (3.1).
In [4, Theorem 3.2] the authors proved that the Fourier transform of Rks is given by
FpRksqpξq “ }ξ}´s´n´2
´
´ps` 2kqιξεξ ` ps` 2n´ 2kqεξιξ
¯
(3.4)
for s not a pole. Due to the facts ιξ “ 0 and ιξεξ “ }ξ}2 IdE on SE0pRnq “ SpRnq, it
follows that (3.4) for k “ 0 coincides with (3.2).
In order to simplify notation, it is convenient to let
Zks :“ FpRk´s´nq (3.5)
i.e.
Zks pxq “ }x}s´2
´
ps` n´ 2kqιxεx ´ ps´ n` 2kqεxιx
¯
.
We should point that in all arguments below we first prove the desired result when
the complex parameter s is so that everything makes sense, and then we extend it
meromorphically to the complex plane C.
We shall need the following crucial result (which might be of some interest in its own
right):
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Theorem 3.1. The distribution Zks satisfies the following properties:
Zks pxq “ Zks´2pxq
´
ak,sιxεx ` bk,sεxιx
¯
, (3.6)
B
Bxj Z
k
s pxq “ Zks´2pxq
´
sxj Id`ck,sιxεj ` dk,sεxιj
¯
, (3.7)
Q
´ B
Bx
¯
Zks pxq “ sps` nqZks´2pxq, (3.8)
with
ak,s “ s` n´ 2k
s` n´ 2k ´ 2 , bk,s “
s´ n` 2k
s´ n` 2k ´ 2 , (3.9)
and
ck,s “ 2s
s` n´ 2k ´ 2 , dk,s “
2s
s´ n` 2k ´ 2 . (3.10)
Above Q
` B
Bx
˘
denotes the Hodge Laplacian (see (2.8)).
Proof. (1) On one hand, we may rewrite Zks pxq as
Zks pxq “ }x}2Zks´2pxq ´ 2sps` nq}x}s´2pιxεx ´ εxιxq.
On the other hand, using the fact ιxεx ` εxιx “ }x}2 IdE , we may rewrite the term
}x}2pιxεx ´ εxιxq as follows:
}x}2pιxεx ´ εxιxq “
´
ps` n´ 2k´ 2qιxεx ´ ps´ n` 2k´ 2qεxιx
¯´
a1k,sιxεx ` b1k,sεxιx
¯
,
(3.11)
where
a1k,s “ 1s` n´ 2k ´ 2 , b
1
k,s “ 1s´ n` 2k ´ 2 .
Thus,
Zks pxq “ }x}2Zks´2pxq ` 2Zks´2pxq pa1k,sιxεx ` b1k,sεxιxq.
Using again the identity ιxεx ` εxιx “ }x}2 IdE to deduce the first statement.
(2) First we have
B
Bxj pιxεxq “ ιjεx ` ιxεj “ xj IdE ´εxιj ` ιxεj,
B
Bxj pεxιxq “ εjιx ` εxιj “ xj IdE `εxιj ´ ιxεj,
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where, for abbreviation, ιj (resp. εj) denotes ιej (resp. εej). Above we have used the
identity (2.5). Then
B
BxjZ
k
s pxq “ ps´ 2qxj}x}s´4
´
ps` n´ 2kqιxεx ´ ps´ n` 2kqεxιx
¯
` }x}s´2
´
ps` n´ 2kqpxj IdE ´εxιj ` ιxεjq ´ ps´ n` 2kqpxj IdE `εxιj ´ ιxεjq
¯
“ ps´ 2qxj}x}s´4
´`ps´ 2` n´ 2kqιxεx ´ ps´ 2´ n` 2kqεxιx˘` 2pιxεx ´ εxιxq¯
` }x}s´2
´
2pn´ 2kqxj IdE `2spιxεj ´ εxιjq
¯
“ ps´ 2qxjZks´2pxq ` 2xj}x}s´4
´
pn´ 2kq}x}2 IdE `ps´ 2qpιxεj ´ εxιjq
¯
` 2s}x}s´2pιxεj ´ εxιjq
“ ps´ 2qxjZks´2pxq ` 2xjZks´2pxq ` 2s}x}s´2pιxεj ´ εxιjq.
Now using again the trick (3.11) we obtain
B
BxjZ
k
s pxq “ sxjZks´2pxq ` 2sZks´2pxqpa1k,sιxεj ` b1k,sεxιjq,
and (3.7) follows.
(3) The definition of Zks pxq and the intertwining property Q
` B
Bx
˘ ˝ F “ ´F ˝ } ¨ }2
imply
Q
´ B
Bx
¯
Zks pxq “ ´Fp} ¨ }2Rk´s´nqpxq “ sps` nqFpRk´s´n`2qpxq “ sps` nqZks´2pxq.

For 0 ď k, ` ď n, we define the space Ek,`pRn ˆ Rnq as the space of smooth functions
on Rn ˆ Rn with values in Λk b Λ`. More generally, denote by DEk,`pRn ˆ Rnq (resp.
SEk,`pRn ˆ Rnq, S 1Ek,`pRn ˆ Rnq) the space of differential forms of bidegree pk, `q on
Rn ˆ Rn with coefficients in DpRn ˆ Rnq (resp. SpRn ˆ Rnq, S 1pRn ˆ Rnq)
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Theorem 3.2. For every ω P SEk,`pRn ˆ Rnq, the following formula hols true
Q
ˆ B
Bx ´
B
By
˙`Zks pxq b Z`t pyq ωpx, yq˘ “ Zks´2pxq b Z`t´2pyqDk,`s,t ωpx, yq,
where Dk,`s,t is the differential operator on pk, `q-differential forms given by
Dk,`s,t “
´
ak,sιxεx ` bk,sεxιx
¯
b
´
a`,tιyεy ` b`,tεyιy
¯
˝Q
ˆ B
Bx ´
B
By
˙
`2
nÿ
j“1
´
sxj IdEk `ck,sιxεj ` dk,sεxιj
¯
b
´
a`,tιyεy ` b`,tεyιy
¯
˝
´ B
Bxj ´
B
Byj
¯
´2
nÿ
j“1
´
ak,sιxεx ` bk,sεxιx
¯
b
´
tyj IdE` `c`,tιyεj ` d`,tεyιj
¯
˝
´ B
Bxj ´
B
Byj
¯
´2
nÿ
j“1
´
sxj IdEk `ck,sιxεj ` dk,sεxιj
¯
b
´
tyj IdE` `c`,tιyεj ` d`,tεyιj
¯
`sps` nq IdEk b
´
a`,tιyεy ` b`,tεyιy
¯
` tpt` nq
´
ak,sιxεx ` bk,sεxιx
¯
b IdE` .
The coefficients ak,s, bk,s, ck,s and dk,s are given by (3.9) and (3.10) (and similarly when
the subscripts k, s are replaced by `, t).
Proof. A routine calculation gives
Q
ˆ B
Bx ´
B
By
˙´
Zks pxq b Z`t pyqωpx, yq
¯
“
´
Q
ˆ B
Bx ´
B
By
˙
Zks pxq b Z`t pyq
¯
ωpx, yq
` Zks pxq b Z`t pyqQ
ˆ B
Bx ´
B
By
˙
ωpx, yq ` rQˆ BBx, BBy
˙´
Zks pxq b Z`t pyqωpx, yq
¯
,
where
rQˆ BBx, BBy
˙´
Zks pxq b Z`t pyqωpx, yq
¯
“2
nÿ
j“1
´ B
BxjZ
k
s pxq b Z`t pyq BBxjωpx, yq ` Z
k
s pxq b BByjZ
`
t pyq BByjωpx, yq
¯
´ 2
nÿ
j“1
´
Zks pxq b BByjZ
`
t pyq BBxjωpx, yq ´
B
BxjZ
k
s pxq b Z`t pyq BByjωpx, yq
¯
.
Firstly, in view of the identities (3.7) and (3.8), we have
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´
Q
ˆ B
Bx ´
B
By
˙
Zks pxq b Z`t pyq
¯
ωpx, yq
“Q
ˆ B
Bx
˙
Zks pxq b Z`t pyqωpx, yq ` Zks pxq bQ
ˆ B
By
˙
Z`t pyqωpx, yq
´ 2
nÿ
j“1
B
BxjZ
k
s pxq b BByjZ
`
t pyqωpx, yq
“sps` nqZks´2pxq b Z`t pyqωpx, yq ` tpt` nqZks pxq b Z`t´2pyqωpx, yq
´ 2Zks´2pxq b Z`t´2pyq! nÿ
j“1
´
sxj IdEk `ck,sιxεj ` dk,sεxιj
¯
b
´
tyj IdE` `c`,tιyεj ` d`,tεyιj
¯)
ωpx, yq
“Zks´2pxq b Z`t´2pyq!
sps` nq IdEk b
´
a`,tιyεy ` b`,tεyιy
¯
` tpt` nq
´
ak,sιxεx ` bk,sεxιx
¯
b IdE`
´ 2
nÿ
j“1
´
sxj IdEk `ck,sιxεj ` dk,sεxιj
¯
b
´
tyj IdE` `c`,tιyεj ` d`,tεyιj
¯)
ωpx, yq.
Secondly, the identity (3.6) gives
Zks pxq b Z`t pyqQ
ˆ B
Bx ´
B
By
˙
ωpx, yq
“ Zks´2pxq b Z`t´2pyq
!´
ak,sιxεx ` bk,sεxιx
¯
b
´
a`,tιyεy ` b`,tεyιy
¯
Q
ˆ B
Bx ´
B
By
˙)
ωpx, yq.
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Finally, using again (3.6) and (3.7) we obtain
rQˆ BBx, BBy
˙`Zks pxq b Z`t pyqωpx, yq˘ “ 2Zks´2pxq b Z`t´2pyq!
nÿ
j“1
´
sxj IdEk `ck,sιxεj ` dk,sεxιj
¯
b
´
a`,tιyεy ` b`,tεyιy
¯ Bω
Bxj px, yq
`
nÿ
j“1
´
ak,sιxεx ` bk,sεxιx
¯
b
´
tyj IdE` `c`,tιyεj ` d`,tεyιj
¯ Bω
Byj px, yq
´
nÿ
j“1
´
ak,sιxεx ` bk,sεxιx
¯
b
´
tyj IdE` `c`,tιyεj ` d`,tεyιj
¯ Bω
Bxj px, yq
´
nÿ
j“1
´
sxj IdEk `ck,sιxεj ` dk,sεxιj
¯
b
´
a`,tιyεy ` b`,tεyιy
¯ Bω
Byj px, yq
)
“2Zks´2pxq b Z`t´2pyq
!
nÿ
j“1
´
sxj IdEk `ck,sιxεj ` dk,sεxιj
¯
b
´
a`,tιyεy ` b`,tεyιy
¯´ B
Bxj ´
B
Byj
¯
ωpx, yq
´
nÿ
j“1
´
ak,sιxεx ` bk,sεxιx
¯
b
´
tyj IdE` `c`,tιyεj ` d`,tεyιj
¯´ B
Bxj ´
B
Byj
¯
ωpx, yq
)
.
This finishes the proof of the theorem. 
For s P C, let
Jks ωpxq :“
ż
Rn
Rkspx´ yqωpyqdy, ω P SEkpRnq. (3.12)
We may see Jks as a convolution operator with the distribution Rks ,
Jks ω “ Rks ˚ ω.
So (3.12) defines a meromorphic family of operators from SEkpRnq to S 1EkpRnq.
Recall the following formulas for the Fourier transform :
F
´ Bω
Byj
¯
pxq “´?´1xjFpωqpxq, Fpyjωqpxq “´
?´1 BBxjFpωqpxq (3.13)
Fpdωqpxq “ ´?´1 εxFωpxq, Fpεyωqpxq “ ´
?´1dFpωqpxq (3.14)
Fpδωqpxq “ ?´1 ιxFpωqpxq, Fpιyωqpxq “
?´1 δFpωqpxq. (3.15)
For s P C, let
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αk,s “ ps` n´ 2kqps´ n` 2k ´ 2q βk,s “ ps´ n` 2kqps` n´ 2k ´ 2q (3.16)
γk,s “ 2sps´ n` 2k ´ 2q δk,s “ 2sps` n´ 2k ´ 2q (3.17)
and
κk,s “ ps´ n` 2k ´ 2qps` n´ 2k ´ 2q (3.18)
Theorem 3.3. The following identity holds true
´κk,sκ`,t }x´ y}2
`
Jk´s´n b J `´t´n
˘ “ `Jk´s´n`2 b J `´t´n`2˘ ˝ Ek,`s,t ,
where Ek,`s,t is the differential operator with polynomial coefficients in x, y (and also in
s, t) defined on pk, `q-differential forms by
Ek,`s,t “ ´
´
αk,sδd` βk,sdδ
¯
b
´
α`,tδd` β`,tdδ
¯
˝ }x´ y}2
´2
nÿ
j“1
´
sκk,s
B
Bxj ´ γk,sδεj ` δk,sdιj
¯
b
´
α`,tδd` β`,tdδ
¯
˝ pxj ´ yjq
`2
nÿ
j“1
´
αk,sδd` βk,sdδ
¯
b
´
tκ`,t
B
Byj ´ γ`,tδεj ` δ`,tdιj
¯
˝ pxj ´ yjq
`2
nÿ
j“1
´
sκk,s
B
Bxj ´ γk,sδεj ` δk,sdιj
¯
b
´
tκ`,t
B
Byj ´ γ`,tδεj ` δ`,tdιj
¯
`sps` nqκk,s IdEk κ`,t b
´
α`,tδd` β`,tdδ
¯
` tpt` nqκ`,t
´
αk,sδd` βk,sdδ
¯
b IdE`
(3.19)
This is merely the Fourier transform version of Theorem 3.2, using (3.5) and formulas
(3.13), (3.14) and (3.15). We omit details.
Next, we need to rewrite Ek,`s,t in its normal form (i.e. multiplications after differentia-
tions). Before stating the result, let us introduce for 0 ď k ď n, 1 ď j ď n the following
differential operators:
lk,s :“ αk,sδd` βk,sdδ,
∇k,s,j :“
´
2αk,s
B
Bxj ´ 4pn´ 2kqεjδ ` 4pn´ 2kqdιj
¯
´
´
sαk,s
B
Bxj ` γk,sεjδ ` δk,sdιj
¯
“ p2´ sqαk,s BBxj ´ p4pn´ 2kq ` γk,sqεjδ ` p4pn´ 2kq ´ δk,sqdιj
“ p2´ sq
”
ps` n´ 2kqps´ n` 2k ´ 2q BBxj ` 2ps´ n` 2kqεjδ ` 2ps` n´ 2kqdιj
ı
,
where the coefficients αk,s, βk,s, γk,s and δk,s are given by (3.9) and (3.10). Similarly, we
introduce the operators l`,t and ∇`,t,j with respect to the y-variable.
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Theorem 3.4. The operator Ek,`s,t in Theorem 3.3 can be rewritten in the following
normal form:
Ek,`s,t “ ´}x´ y}2 lk,s bl`,t
`2
nÿ
j“1
pxj ´ yjq t∇k,s,j bl`,t ´lk,s b∇`,t,ju
`2
nÿ
j“1
∇k,s,j b∇`,t,j
`pt´ 2qpt´ n´ 2qpt´ n` 2`qpt` n´ 2`qlk,s b IdE`
`ps´ 2qps´ n´ 2qps´ n` 2kqps` n´ 2kq IdEk bl`,t . (3.20)
The proof is straightforward, but long and tedious. We first need some elementary
formulas .
Lemma 3.5. Let ω be a k-form. Then, for fixed y P Rn,
δ dpxj ´ yjqω “ pxj ´ yjq δ dω ´ 2 BBxjω ´ εj δ ω ` d ιj ω
dδpxj ´ yjqω “ pxj ´ yjqdδ ω ` εj δ ω ´ d ιj ω
δ d }x´ y}2ω “ }x´ y}2 δ dω ` 2
nÿ
j“1
pxj ´ yjqp´2 BBxj ´ εj δ`d ιjqω ´ 2pn´ kqω
dδ }x´ y}2ω “ }x´ y}2 dδ ω ` 2
nÿ
j“1
pxj ´ yjqpεj δ´d ιjqω ´ 2kω.
Derivations are taken with respect to the x-variable.
Proof. This is a direct consequence of the identities#
dpxj ´ yjqω “ εj ω ` pxj ´ yjqdω
δpxj ´ yjqω “ ´ ιj ω ` pxj ´ yjq δ ω,
and #
d }x´ y}2ω “ }x´ y}2 dω ` 2řnj“1pxj ´ yjq εj ω
δ }x´ y}2ω “ }x´ y}2 δ ω ´ 2řnj“1pxj ´ yjq ιj ω.

We may now start the proof of Theorem 3.4. In the light of Lemma 3.5 (and its
version with respect to y) together with the anti-commutator laws in (2.7) we arrive at
the expressions below for the first three terms of the operator Ek,`s,t in Theorem 3.3. The
COVARIANT BI-DIFFERENTIAL OPERATORS FOR DIFFERENTIAL FORMS 13
first term of the operator Ek,`s,t in (3.19) can be rewritten as:
´}x´ y}2
´
αk,sδd` βk,sdδ
¯
b
´
α`,tδd` β`,tdδ
¯
`4
nÿ
j“1
pxj ´ yjq
´
´ 2pn´ 2kqpεjδ ´ dιjq ` αk,s BBxj
¯
b
´
α`,tδd` β`,tdδ
¯
´4
nÿ
j“1
pxj ´ yjq
´
αk,sδd` βk,sdδ
¯
b
´
´ 2pn´ 2`qpεjδ ´ dιjq ` α`,t BByj
¯
`8
nÿ
j“1
´
´ 2pn´ 2kqpεjδ ´ dιjq ` αk,s BBxj
¯
b
´
´ 2pn´ 2`qpεjδ ´ dιjq ` α`,t BByj
¯
`2ppn´ `qα`,t ` `β`,tq
´
αk,sδd` βk,sdδ
¯
b IdE`
`2ppn´ kqαk,s ` kβk,sq IdEk b
´
α`,tδd` β`,tdδ
¯
.
The second term of the operator Ek,`s,t in (3.19) can be rewritten as:
´2
nÿ
j“1
pxj ´ yjq
´
sαk,s
B
Bxj ` γk,sεjδ ` δk,sdιj
¯
b
´
α`,tδd` β`,tdδ
¯
´4
nÿ
j“1
´
sαk,s
B
Bxj ` γk,sεjδ ` δk,sdιj
¯
b
´
´ 2pn´ 2`qpεjδ ´ dιjq ` α`,t BByj
¯
´2`nsκk,s ` pn´ kqγk,s ` kδk,s˘ IdE b´α`,tδd` β`,tdδ¯.
Finally, the third term of the operator Ek,`s,t in (3.19) can be rewritten as:
2
nÿ
j“1
pxj ´ yjq
´
αk,sδd` βk,sdδ
¯
b
´
tα`,t
B
Byj ` γ`,tεjδ ` δ`,tdιj
¯
´4
nÿ
j“1
´
´ 2pn´ 2kqpεjδ ´ dιjq ` αk,s BBxj
¯
b
´
tα`,t
B
Byj ` γ`,tεjδ ` δ`,tdιj
¯
´2`ntκ`,t ` pn´ `qγ`,t ` `δ`,t˘´αk,sδd` βk,sdδ¯b IdE` .
It is worthwhile noting that by the anti-commutator laws in (2.7) we may rewrite the
fourth term of the operator Ek,`s,t in (3.19) as:
2
nÿ
j“1
´
sαk,s
B
Bxj ` γk,sεjδ ` δk,sdιj
¯
b
´
tα`,t
B
Byj ` γ`,tεjδ ` δ`,tdιj
¯
.
It remains to sum up all terms to finish the poof of Theorem 3.4
We close this section by writing the operator Ek,`s,t in the particular case k “ ` “ 0.
Here the operator E0,0s,t will act on the space SE0,0pRnˆRnq “ SpRnˆRnq. Since δ “ 0
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and ιj “ 0 on scalar functions, the operators l0,s and ∇0,s,j reduce to
l0,s “ α0,sδd “ ´α0,sQ
` B
Bx
˘
,
(see (2.8)), and
∇0,s,j “ p2´ sqα0,s BBxj .
Similar identities hold with respect to y. Hence
E0,0s,t “ α0,sα0,t
!
´ }x´ y}2Q` BBx˘bQ` BBy˘´ 2
nÿ
j“1
pt´ 2qpxj ´ yjqQ
` B
Bx
˘b BByj
`2
nÿ
j“1
ps´ 2qpxj ´ yjq BBxj bQ
` B
By
˘´ pt´ 2qpt´ nqQ` BBx˘b IdE
`2
nÿ
j“1
ps´ 2qpt´ 2q BBxj b
B
Byj ´ ps´ 2qps´ nq IdE bQ
` B
By
˘)
“ ps` nqps´ n´ 2qpt` nqpt´ n´ 2q ˆ!
´ }x´ y}2Q` BBx˘bQ` BBy˘´ 2
nÿ
j“1
pt´ 2qpxj ´ yjqQ
` B
Bx
˘b BByj
`2
nÿ
j“1
ps´ 2qpxj ´ yjq BBxj bQ
` B
By
˘´ pt´ 2qpt´ nqQ` BBx˘b IdE
`2
nÿ
j“1
ps´ 2qpt´ 2q BBxj b
B
Byj ´ ps´ 2qps´ nq IdE bQ
` B
By
˘)
.
Up to the normalization constant ps` nqps´ n´ 2qpt` nqpt´ n´ 2q and the change of
variables s by 2s and t by 2t, the operator E0,0s,t coincides with the differential operator
obtained in [2, Proposition 10.3] to build covariant bi-differential operators under the
(diagonal) action of the Lie group Opn` 1, 1q.
4. Background on the conformal group of Rn
Let R1,n`1 be the n ` 2-dimensional real vector space equipped with the Lorentzian
quadratic form
rx,xs “ x20 ´ px21 ` ¨ ¨ ¨ ` x2n`1q, x “ px0, x1, . . . , xn`1q.
Let Ξ be the isotropic cone defined by
Ξ “ tx P R1,n`1zt0u : rx,xs “ 0u.
For x P R1,n`1zt0u, denote by rxs “ R˚x the ray through x and consider the space of
isotropic rays, i.e. the quotient space Ξ{R˚.
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The subspace tx P R1,n`1 : x0 “ 0u will be identified with Rn`1 under the isomor-
phism
Rn`1 Q x1 ÞÝÑ p0, x1q P R1,n`1.
Denote by Sn the unit sphere of Rn`1. The map
Sn Q x1 ÞÝÑ R˚p1, x1q
yields an isomorphism of Sn with Ξ{R˚; the inverse isomorphism being described by
Ξ{R˚ Q R˚x ÞÝÑ R˚xX tx0 “ 1u.
Let G “ SO0p1, n ` 1q be the connected component of the identity in the group of
isometries for the Lorentzian form on R1,n`1. Then G acts on Ξ and commutes with the
action of R˚ on R1,n`1, so that G acts on Ξ{R˚ and yielding an action of G on Sn.
Let us give more details on the action ofG on the unit sphere Sn. For x1 “ px11, . . . , x1n`1q P
Sn and g P G, observe that pgp1, x1qq0 ą 0 and define gpx1q P Sn by
p1, gpx1qq “ pgp1, x1qq´10 gp1, x1q.
For g P G and x1 P Sn, set
cpg, x1q “ pgp1, x1qq´10 . (4.1)
Clearly cpg, x1q is a smooth and strictly positive function on G ˆ Sn. Moreover, the
function c satisfies the cocycle property
cpg1g2, x1q “ c
`
g1, g2px1q
˘
cpg2, x1q, g1, g2 P G, x1 P Sn.
This action turns out to be conformal on Sn, i.e. for any g P G, x1 P Sn and arbitrary
ξ P TxSn, the differential Dgpx1q satisfies
}Dgpx1qξ} “ cpg, x1q}ξ},
and the term cpg, x1q is called the conformal factor of g at x1.
Let en`1 “ p0, 0, . . . , 0, 1q, and let
κ : Rn ÝÑ Sn r t´en`1u
defined by
px1, . . . , xnq ÞÝÑ
ˆ
2x1
1` |x|2 , ¨ ¨ ¨ ,
2xn
1` |x|2 ,
1´ |x|2
1` |x|2
˙
be the inverse map of the stereographic projection. The action of G on Sn can be
transferred to a rational action (not everywhere defined) on Rn, for which we still use
the notation Gˆ Rn Q pg, xq ÞÝÑ gpxq P Rn.
The map κ is conformal and hence, the rational action of G on Rn transferred from
its action on Sn is conformal. For g P G defined at x P Rn, denote by Ωpg, xq the
corresponding conformal factor. Below, among other things, we will find an expression
for Ωpg, xq.
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Choose en`1 “ p0, 0, . . . , 0, 1q as origin on the sphere Sn, and let rp1, en`1qs be the
corresponding isotropic ray. The stabilizer of rp1, en`1qs is a parabolic subgroup P of G,
which has the Langlands decomposition P “MAN with
M “
$&%
¨˝
1
m
1
‚˛ : m P SOpnq
,.- ,
A “
$’’’’&’’’’%at :“
¨˚
˚˝˚˚cosh t sinh t
idn
sinh t cosh t
‹˛‹‹‹‚ : t P R
,////.////- ,
N “
$’’’’&’’’’%nx :“
¨˚
˚˝˚˚1`
1
2
}x}2 xt ´1
2
}x}2
x idn ´x
1
2
}x}2 xt 1´ 1
2
}x}2
‹˛‹‹‹‚ : x P Rn
,////.////- .
Denote by N the opposite nilpotent subgroup,
N “
$’’’’&’’’’%nx :“
¨˚
˚˝˚˚1`
1
2
}x}2 xt 1
2
}x}2
x idn x
´1
2
}x}2 ´xt 1´ 1
2
}x}2
‹˛‹‹‹‚ : x P Rn
,////.////- .
The origin en`1 on the sphere Sn corresponds to the point 0 “ p0, 0, . . . , 0q in Rn,
and hence the parabolic subgroup P is the stabilizer of 0. The group M » SOpnq acts
on Rn by its natural action and A acts on Rn by
atpxq “ e´tx, at P A.
The group N acts on Rn by translations,
nypxq “ x` y, ny P N.
The explicit action of N on Rn (which is rational) will not be needed, but it is easily
verified that
Dnyp0q “ Idn, ny P N.
Up to a closed subset of null Haar measure, the group G is equal to N ˆM ˆAˆN .
The corresponding decomposition of g P G is
g “ npgqmpgqatpgqnpgq.
An elementary computation gives
Dgp0q “ Admpgqp0q|n ˝ Ad atpgq|n “ e´tpgqmpgq, (4.2)
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where n “ LiepNq.
Now let x P Rn and let g P G be defined at x. Since gpxq “ gnxp0q, it follows from
(4.2) that
Dgpxq “ Dpgnxqp0q “ e´tpgnxqmpgnxq. (4.3)
As a consequence, we obtain
Ωpg, xq “ e´tpgnxq, g P G, x P Rn. (4.4)
We close this paragraph by the following standard result.
Lemma 4.1. Let x, y P Rn and let g P G be defined at x and y. Then
}gpxq ´ gpyq}2 “ Ωpg, xq }x´ y}2 Ωpg, yq. (4.5)
5. The principal series representations of SO0p1, n` 1q on the space of
differential forms
Let EkpSnq be the space of differential k-forms on the unit sphere Sn (0 ď k ď n).
For λ P C, let ρkλ be the representation of G “ SO0p1, n` 1q on EkpSnq given by
ρkλpgqω px1q “ cpg´1, x1qλ
`
L˚g´1ω
˘ px1q, g P G, ω P EkpSnq,
where Lg is the diffeomorphism x
1 ÞÝÑ gpx1q on Sn and Lg˚ is the induced action on
differential forms. Here cpg´1, x1q is conformal factor given by (4.1).
Below we will describe the noncompact model for this series of representations, ob-
tained from the present model through the stereographic projection.
Denote by DEkpRnq the space of k-forms represented as in (2.6) with the complex-
valued coefficients ωi1,...,ik in DpRnq.
Now, for g P G and ω P EkpRnq let
pikλpgqωpxq “ Ωpg´1, xqλL˚g´1ωpxq, (5.1)
where Ωpg´1, xq is given by (4.4). This formula defines formally a representation of
G. As it stands, the representation is not globally defined. In what follows, it will be
enough to observe that for a relatively compact open subset U of Rn, there exists a small
neighborhood V of the neutral element in G (depending on U) such that for any g P V ,
g´1 is defined on U . Hence, for any smooth differential k-form ω with Supppωq Ă U , the
object pikλpgqω is well defined, it belongs to EkpRnq and has a compact support. This
allows us to define the corresponding infinitesimal representation dpikλ of the Lie algebra
g “ LiepGq by
dpikλpXqω :“ ddtpi
k
λpexpptXqqωˇˇt“0, X P g.
The expression is well defined when ω P DEkpRnq. The operator dpikλpXq is a first order
differential operator with polynomial coefficients and hence can be extended to SEkpRnq.
The representations pikλ can also be viewed as principal series representations. Indeed,
rewrite (5.1) as
pikλpgqωpxq “ Ωpg´1, xqλωpg´1pxqq ˝Dg´1pxq,
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where ωpg´1pxqq ˝Dg´1pxq is the k-form given by
ωpg´1pxqq ˝Dg´1pxqpv1, . . . , vkq “ ωpg´1pxqqpDg´1pxqv1, . . . , Dg´1pxqvkq.
Now using (4.3) and (4.4) we get
pikλpgqωpxq “ e´pλ`kqtpg´1nxqσk
`
mpg´1nxq
˘´1
ωpg´1pxqq, (5.2)
where σk is the representation of M “ SOpnq on Λk “ ΛkpRnq b C. The presentation
(5.2) is just the noncompact realization of a principal series representation (cf [10]).
This yields the identification
pikλ » IndGP pσk b χλ`k b 1q, (5.3)
where, for λ P C, we denote by χλ the character of A giver by χλpatq “ eλt.
We pin down that the representation σk is an irreducible representation of SOpnq,
except for the case where n is even and k “ n
2
(see [6, 8]), but for our purpose, this
makes no difference.
The intertwining Knapp-Stein operators play a crucial role in semi-simple harmonic
analysis. In the present situation they are given as follows (see [4]),
Ikλωpxq “
ż
Rn
Rk´2n`2λpx´ yqωpyqdy, ω P SEkpRnq
where Rk´2n`2λ is the tempered distribution defined by (3.3). In the notations of the
previous section, Ikλ is nothing but the convolution operator J
k
s , defined in (3.12), with
s “ ´2n` 2λ. The operators Ikλ , defined first for n2 ă Reλ ă n so that the integral
converges for ω P SEkpRnq, can be analytically continued to the complex λ-plane as a
meromorphic family of convolution operators by tempered distributions, thus mapping
SEkpRnq into S 1EkpRnq. The following (a priori formal) relation holds for any g P G :
Ikλ ˝ pikλpgq “ pikn´λpgq ˝ Ikλ . (5.4)
The relation is first proved when n
2
ă Reλ ă n, and shown (using the covariance
property (4.5) of }x ´ y}2) to be valid for forms in DEkpRnq and g in an appropriate
small neighborhood of the neutral element of G. The corresponding infinitesimal form
of the intertwining relation (5.4) is
Ikλ ˝ dpikλpXq “ dpikn´λpXq ˝ Ikλ , (5.5)
for X P g and valid on SEkpRnq. By analytic continuation, it is then extended mero-
morphically in λ.
The following property will be required later on.
Proposition 5.1. For generic λ, the operator Ikλ is injective on the space SEkpRnq.
Proof. Since Ikλ is the convolution product with the tempered distribution Rk´2n`2λ, then
saying that Ikλ is injective is equivalent to prove that (for generic λ) the multiplication
operator by the Fourier transform F`Rk´2n`2λ˘ is injective on SEkpRnq. Recall from
(3.4) that, generically in λ, we have
F`Rk´2n`2λ˘pxq “ 2}x}n´2λ´2´pn´ k ´ λqιxεx ` pλ´ kqεxιx¯.
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Recall also from Section 2 that
pιxεxq2 “ }x}2ιxεx, pεxιxq2 “ }x}2εxιx,
pιxεxqpεxιxq “ 0, pιxεxq2 ` pεxιxq2 “ }x}4 IdΛ . (5.6)
If we assume, in addition, that n ´ k ´ λ ‰ 0 and λ ´ k ‰ 0, then the identities (5.6)
imply that for x ‰ 0 the operator
pn´ k ´ λqιxεx ` pλ´ kqεxιx
is invertible. Let ω P SEkpRnq and λ as above so that FpRk´2n`2λqpxqωpxq “ 0. As
FpRk´2n`2λqpxq is invertible for x ‰ 0, it follows that ωpxq “ 0 for x ‰ 0, and therefore
ω ” 0 on Rn. 
6. The covariance property of the source operator
We can now start to give the conformal interpretation of Theorem 3.3. On one
hand, we saw in the previous section that the convolution operators Jks are related to
the Knapp-Stein intertwining operators. So it remains to understand the conformal
property of the multiplication by }x´ y}2.
The group G “ SO0p1, n ` 1q acts rationally on the space Rn ˆ Rn by the diagonal
extension of its action on Rn, and hence on Ek,`pRn ˆ Rnq, giving a realization of the
tensor product representation pikλ b pi`µ. More explicitly
pikλ b pi`µpgqωpx, yq “ Ωpg´1, xqλ Ωpg´1, yqµ L˚g´1ω px, yq.
Define the multiplication operator M : Ek,`pRn ˆ Rnq ÝÑ Ek,`pRn ˆ Rnq by
Mωpx, yq “ }x´ y}2 ωpx, yq.
The covariance property (4.5) of }x´ y}2 immediately implies the following result.
Proposition 6.1. The operator M satisfies
M ˝ `pikλ b pi`µ˘pgq “ `pikλ´1 b pi`µ´1˘pgq ˝M .
Here again the relation is valid when applied to differential forms in DEk,`pRn ˆ Rnq
and g in a small enough neighborhood of the neutral element of G. The rigorous
infinitesimal version reads as follows : For every X P g, we have
M ˝ d`pikλ b pi`µ˘ pXq “ d`pikλ´1 b pi`µ´1˘ pXq ˝M,
where, by definition,
d
`
pikλ b pi`µ
˘ pXq :“ dpikλpXq b id` idbdpi`λpXq.
Recall from above that the Knapp-Stein intertwining operator Ikλ is nothing but the
convolution operator Jks with s “ ´2n` 2λ. For convenience let
F k,`λ,µ :“ ´Ek,`n´2λ,n´2µ,
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where Ek,`s,t is the differential operator (3.20). Explicitly
F k,`λ,µ “ 16}x´ y}2rlk,λ b rl`,µ
´32
nÿ
j“1
pxj ´ yjq
!
p2λ´ n` 2qr∇k,λ,j b rl`,µ ´ p2µ´ n` 2qrlk,λ b r∇`,µ,j)
´32p2λ´ n` 2qp2µ´ n` 2q
nÿ
j“1
r∇k,λ,j b r∇`,µ,j
´32p2µ´ n` 2qpµ` 1qpµ´ `qpµ´ n` `qrlk,λ b IdE`
´32p2λ´ n` 2qpλ` 1qpλ´ kqpλ´ n` kq IdEk brl`,µ,
where rlk,λ “ pλ´ n` kqpλ´ k ` 1q δ d`pλ´ n` k ` 1qpλ´ kqdδr∇k,λ,j “ pλ´ n` kqpλ´ k ` 1qBxj ´ pλ´ kqεj δ´pλ´ n` kq δ ιj,
and similarly for rl`,µ and r∇`,µ,j. We will call F k,`λ,µ the source operator.
Theorem 3.3 can now be reformulated as follows.
Theorem 6.2. The differential operator F k,`λ,µ acts on Ek,`pRn ˆ Rnq and satisfies
κk,`λ,µ M ˝
`
Ikλ b I`µ
˘ “ `Ikλ`1 b I`µ`1˘ ˝ F k,`λ,µ,
where κk,`λ,µ “ 16pλ´ k ` 1qpλ´ n` k ` 1qpµ´ `` 1qpµ´ n` `` 1q.
Moreover, we have the following covariance property of the source operator F k,`λ,µ.
Theorem 6.3. For all λ, µ P C and for any X P g, we have
F k,`λ,µ ˝ d
`
pikλ b pi`µ
˘ pXq “ d`pikλ`1 b pi`µ`1˘ pXq ˝ F k,`λ,µ.
Proof. In the light of Theorem 6.2, Proposition 6.1 and the identity (5.5), we have`
Ikλ`1 b I`µ`1
˘ ˝ F k,`λ,µ ˝ d`pikλ b pi`µ˘ pXq
“ κk,`λ,µM ˝
`
Ikλ b I`µ
˘ ˝ d`pikλ b pi`µ˘ pXq
“ κk,`λ,µM ˝ d
`
pikn´λ b pi`n´µ
˘ pXq ˝ `Ikλ b I`µ˘
“ κk,`λ,µd
`
pikn´λ´1 b pi`n´µ´1
˘ pXq ˝M ˝ `Ikλ b I`µ˘
“ d`pikn´λ´1 b pi`n´µ´1˘ pXq ˝ `Ikλ`1 b I`µ`1˘ ˝ F k,`λ,µ
“ `Ikλ`1 b I`µ`1˘ ˝ d`pikλ`1 b pi`µ`1˘ pXq ˝ F k,`λ,µ.
Now, use Proposition 5.1 to finish the proof. 
As G is connected, the infinitesimal covariance property of the operator F k,`λ,µ implies
first its covariance under the group G, that is
F k,`λ,µ ˝
`
pikλ b pi`µ
˘pgqω “ `pikλ`1 b pi`µ`1˘pgq ˝ F k,`λ,µω,
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for ω P DEk,`pRn ˆ Rnq and g P G is such that g´1 is defined on a neighborhood of the
support of ω.
Remark 6.4. Let us mention that improving on our results, it is possible to construct
a differential operator rF k,`λ,µ on Sn ˆ Sn, which admits F k,`λ,µ as its local expression on
Sn r tp0, 0, . . . , 0,´1qu ˆ Sn r tp0, 0, . . . , 0,´1qu » Rn ˆ Rn and which is covariant for
G with respect to pρkλbρ`µ, ρkλ`1bρ`µ`1q. We skip the proof as this corresponds to general
standard results. See for instance Section 8.2 in [2] or Fact 3.3 in [14].
It is possible to compose the source operators, to yield more covariant differential
operators. Indeed, for arbitrary integer m ě 1, we set
F k,`λ,µ;m :“ F k,`λ`m´1,µ`m´1 ˝ ¨ ¨ ¨ ˝ F k,`λ`1,µ`1 ˝ F k,`λ,µ .
Then F k,`λ,µ;m intertwines the representations pi
k
λ b pi`µ and pikλ`m b pi`µ`m.
The following statement gives another approach to these operators.
Proposition 6.5. For any integer m ě 1, we have
κk,`λ,µ;mM
m ˝ `Ikλ b I`µ˘ “ `Ikλ`m b I`µ`m˘ ˝ F k,`λ,µ;m ,
where κk,`λ,µ;m “ κk,`λ`m´1,µ`m´1 ¨ ¨ ¨κk,`λ`1,µ`1κk,`λ,µ and Mm “M ˝ ¨ ¨ ¨ ˝M , m-times.
Proof. For m “ 1, this is Theorem 6.2. Assume m ě 2. By induction on m we have
κk,`λ,µ;mM
m ˝ `Ikλ b I`µ˘ “ κk,`λ,µ;mM ˝Mm´1 ˝ `Ikλ b I`µ˘
“ κk,`λ`m´1,µ`m´1M ˝ pIkλ`m´1 b I`µ`m´1q ˝ F k,`λ,µ;m´1
“ `Ikλ`m b I`µ`m˘ ˝ F k,`λ`m´1,µ`m´1 ˝ F k,`λ,µ;m´1
“ `Ikλ`m b I`µ`m˘ ˝ F k,`λ,µ;m .

7. Conformally covariant bi-differential operators on differential
forms
From the source operators F k,`λ,µ, one can construct covariant bi-differential operators
under the action of G “ SO0p1, n` 1q. First, introduce the restriction map
res : Ek,`pRn ˆ Rnq ÝÑ C8pRn,Λk b Λ`q
defined by
presωqpxq “ ωpx, xq,
where C8pRn,Λk b Λ`q denotes the space of complex-valued smooth functions on Rn
with values in ΛkbΛ`. Let G acts on Ek,`pRnˆRnq by pikλbpi`µ. Using the realization of pikλ
and pi`µ as principal series representations (see (5.3)), the following result is immediate.
Proposition 7.1. For any pλ, µq the map res intertwines the representations pikλ b pi`µ
and IndGP
`pσk b σ`q b χλ`µ`k`` b 1˘.
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As a representation of M “ SOpnq, the representation σk b σ` is in general not
irreducible. Let Γ be a minimal invariant subspace of Λk b Λ` under the action of
SOpnq. Let σΓ be the corresponding irreducible representation of SOpnq on Γ and let
pΓ be the orthogonal projection on Γ. Define the map resΓ by
resΓ “ pΓ ˝ res .
We can refine the previous proposition as follows.
Proposition 7.2. For any pλ, µq the map resΓ intertwines the representations pikλ b pi`µ
and IndGP
`
σΓ b χλ`µ`k`` b 1
˘
.
Now define the bi-differential operators
Bk,`;Γλ,µ;m : Ek,`pRn ˆ Rnq ÝÑ C8pRn,Γq
by
Bk,`;Γλ,µ;m :“ resΓ ˝F k,`λ,µ;m ,
where C8pRn,Γq denotes the space of smooth functions on Rn with values in Γ Ă ΛkbΛ`.
Theorem 7.3. The operator Bk,`;Γλ,µ;m is a bi-differential operator covariant with respect
to pikλ b pi`µ and IndGP pσΓ b χλ`µ`k```2m b 1q.
In some cases, it is possible to give an explicit expression for these covariant bi-
differential operators. For instance, assume that 0 ď k` ` ď n, then the representation
Λk`` appears in the decomposition of the tensor product Λk b Λ` with multiplicity one
and the projection (up to a normalization factor) is given by
pΛk``pω b ηq “ ω ^ η.
For m “ 1, the bi-differential operator Bk,`;Γλ,µ;1 is given by
Bk,`;Γλ,µ;1pω b ηqpxq “ ´32
!
p2µ´ n` 2qpµ` 1qpµ´ `qpµ´ n` `qrlk,λωpxq ^ ηpxq
`p2λ´ n` 2qp2µ´ n` 2q
nÿ
j“1
r∇k,λ,jωpxq ^ r∇`,µ,jηpxq
`p2λ´ n` 2qpλ` 1qpλ´ kqpλ´ n` kqωpxq ^ rl`,µηpxq) (7.1)
If in addition k “ ` “ 0, i.e. ω, η P C8pRnq, then
B0,0;Cλ,µ;1pωb ηqpxq “ ´64pλ` 1qpλ´nqpµ` 1qpµ´nq
!
µpµ´ n
2
` 1q
´
Q
` B
Bx
˘
ω
¯
pxqηpxq
` 2pλ´ n
2
` 1qpµ´ n
2
` 1q
nÿ
j“1
´ Bω
Bxj
¯
pxq
´ Bη
Bxj
¯
pxq
` λpλ´ n
2
` 1qωpxq
´
Q
` B
Bx
˘
η
¯
pxq
)
,
where Q is the quadratic form (2.9). Hence we recover the multidimensional Rankin-
Cohen operators in [2, Section 10].
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